In this paper, we first solve an open problem of quadratic differential systems of Ž . type II in the Chinese classification. Then by making use of the theory of ls 0 rotated vector fields we investigate the bifurcation phenomena and all the possible distributions of the limit cycles for quadratic systems of type II. Moreover, under a Ž . conjecture of Ye Yanqian we prove that the 2, 2 limit cycle distribution is impossible. ᮊ
INTRODUCTION

Ž .
Ž Since the examples of 1, 3 distribution of limit cycles for abbreviation, . LC for quadratic differential systems were given in 1979 by Chen and w x w x Wang 1 and Shi 2 , some mathematicians have been considering whether Ž . w the 2, 2 distribution of LCs for quadratic systems can be realized. In 3, 4, x 5, and 8 , by rotated vector field decomposition Prof. Ye tried to prove that for quadratic systems of type III x s yy q ␦ x q lx 2 q mxy q ny 2 , y s x 1 q ax y y ,
Ž . the 2, 2 distribution is impossible. For quadratic systems of type II x s yy q ␦ x q lx 2 q mxy q ny 2 , y s x 1 q ax , 1.2 systematical study up to now. We now consider this problem. Since when w x Ž . n s 0, in 9, 15, 16 the authors proved that if system 1.2 has two foci, ns 0 the LCs surrounding every focus are at most one; that is, the distribution Ž . Ž . Ž . Ž . of the limit cycles of system 1.2 can only be 1, 0 , 0, 1 or 1, 1 . We ns 0 now assume n / 0; without loss of generality, let n s y1, a -0. In order to make use of the theory of rotated vector fields, according to the idea in w x Ž . 14 we rewrite 1.2 
x s yy q ␦ y x q mxy y y q x 1 q a ,
x ž / a a 1.3 Ž .
¢ y s x 1 q ax , Ž . For convenience, we first recall a conjecture of Ye Yanqian and some lemmas. w x Conjecture 8, Section 14 . For any quadratic systems, with monotonous change of the values of any one independent coefficient, semi-stable LC can appear abruptly around any one focus only for at most one value of this coefficient. Moreover, when any coefficient varies monotonously, the number of semi-stable LC surrounding any focus is at most one. ( R ž / ž / ž / a a a a w x < < < < LEMMA 1.3 9, Section 14, Theorem 14. 1 . When m␦ F 0, m q ␦ / 0, Ž . < < < < Ž . or ␦ m y ␦ F 0, m q ␦ / 0, system 1.2 has no closed trajectory, ls0 and also no singular closed trajectory passing through a saddle. 
, where s min z ␤ , z ␣ , and 1.4 has no 1 2 closed trajectory.
This paper will be arranged as follows. In Section 2 we will first discuss Ž . X the distribution of LCs for system 1.3 , and get the following main In Section 3 we will consider all possible distributions of LCs for system Ž .
X w x 1.3 as l ) 0, l g 0, l . Our main result is the following one.
THEOREM B.
If the pre¨ious conjecture is true, then quadratic systems of Ž . type II cannot ha¨e the 2, 2 limit cycle distribution.
X w x
As for the case l -0, l g l, 0 , which can be similarly considered, we can also get the conclusion corresponding to Theorem B; the details are omitted.
/ a w x which had been investigated in 9, Section 14 . Now, we will discuss it in more detail. Lemma 1.3 guarantees that for any given a and l, the Ž . Ž Ž .. necessary conditions for system 2.1 to have LCs are m ␦ y lra ) 0 < Ž .< < < Ž . Ž . and ␦ y lra -m ; that is, ␦ , m lies in the shaded parts of the ␦ , m w x plane as shown in Figure 2 w x Similar to the steps of Section 14 in 9 , we distinguish the following three different cases: 1. m ) ya ) 0; 2. 0 -m F ya; 3. m F 0. For details we have the following.
Ž .
In 9, Section 14 , it had been proved that for 0 -␦ g 1 system 2.1 has a unique small amplitude LC around O and R, respectively; they have different stability. Moreover, the authors proposed the following:
Problem. With the increase of ␦ , whether the limit cycle surrounding Ž . O or R is unique. 
Ž . which can be further translated into system 2.3 under the transforma- 
In the following, we will prove that f x r g x is a monotonously increasing function for x -x and x ) 0. Now
hence h x -0 and h x -0 for x g ␣, qϱ . Similarly, we can prove 1 2 the conclusion of Lemma 2.2. 
Ž
. Ž . Proof. Since when ␦ s 0 resp., ␦ s m , y s 0 resp., y s y1 and
when y s y , R is a node if and only if
is a stable node. In addition, 2 Ž . when ␦ s 0 or m, we know from 2.5 that R is a fine focus; its stability Ž w x. can be obtained by calculating its focal values or see 9 . We now consider the second conclusion. Similar to the above analysis,
. We know from 2.5 that R y 1ra , y qr2 is a focus if and only if
Ž . w x For any given a, f q is a continuous function on 0, 2 , so there exists an
is a maximal value of f q on 0, 2 . Proof. We first consider the direction of the trajectories on the seg-Ž . ment MN which satisfies the equation:
Ž . local phase-portrait of system 2.1 can be shown in Figure 2 .3 1 . When ␦ increases from 0 to m, we know from the proof of Lemma 2.2 that for FIGURE 2. 3. some values of a and m, R can become a node. The necessary conditions for R to be a node are
Ž . Ž . has a unique LC around O, the LC must become a Hoc M before MN Ž . becomes an invariant line, or a Hec M, N . From Lemma 2.2, for some values of m and a, when R is always a focus as 0 F ␦ F m, we know from the sign of divergence at the finite critical points that with the increase of Ž . ␦ , either the LC surrounding R becomes a Hoc N and then disappears, Ž . when ␦ increases further, similar to the above discussions, system 2.1 can have two LCs around R; or when ␦ increases from 0 to m, the unique LC Ž . surrounding R always exists, since for m and ya m ) ya appropriately small,
dt ␦sm the LC around R must first expand, and then contract to R as ␦ s m. This completes the proof of Theorem 2.1.
i When a -y1, we distinguish two subcases:
F 0, 9, Section 14 gives ␦s0 the following.
. -␦ -m such that the following statements hold:
where in order that the limit cycles surrounding O 
w x in 9 we obtain the following. 
Ž .
Ž . C The limit cycles of system 2.1 are concentratedly distributed.
Ž . Proof. The conclusions A and B are a straightforward corollary of w x 9, Section 14 ; we now consider the second one. Since the domains with different number of LCs must be separated, we know from the above X ŽŽ .
X
. results that there exists an m 1ra y a -m -ya such that the corre-X Ž . sponding conclusion is correct. For m -m -ya, since system 2.1 has < < no LC around O when ␦ G 2, the unique limit cycle ⌫ generated from O Ž . Ž .
X must expand and finally become a Hoc M . For 1ra y a -m -m , Ž . before the limit cycle ⌫ disappears, a Hoc N appears outside ⌫, and then the homoclinic loop breaks and forms an unstable limit cycle ⌫ . Finally 1 the limit cycles ⌫ and ⌫ coincide and become a semi-stable limit cycle, 1 and then disappear.
w x tion 13 in 9 , by using the theory of rotated vector fields, for 0 -␦ g 1 we Ž . have the local phase-portrait as shown in Fig. 2.3 
Ž
. Ž . 
Ž .
we have for a F y1, 1ra y a s a, or 1ra y a -a . For a -y1 ,
Similar to the above analysis, we can obtain the following. y 2 r2 F a -0, we have a G 1ra y a. For m G F a -y 2 r2 , 1ra y a ) 
Ž . Similar to the previous proofs, we can prove that system 2.1 has at most ' Ž . one LC around R for y1 F a -y 2 2r2 and a -m -0.
We now consider the number of LCs around O for y1 F a -0. When Ž . 1ra q a F m -0, with the decrease of ␦ , the unstable LC generated Ž . from O expands monotonously and finally becomes a Hoc M . Since when < < ␦ -2 and ym is large enough, y is sufficiently small, for any given a bifurcation curves of the LCs around O; C shows that around R. 4 We finally consider the case a -y1. Ž . also be shown in the corresponding domains in Fig. 2.2 2 . Now we will investigate the distributions of the limit cycles for system Ž . 1.2 Ž . Ž . no LC, and O 0, 0 is a stable focus for y2 -␦ y lra -0, and a stable Ž . node for ␦ y lra F y2, so the local phase-portraits of the trajectories Ž . Ž . Ž .
X since system 3.1 forms a family of generalizedly rotated vector fields in l , Ž . and the vector fields rotate counterclockwise, system 3.1 has no LC.
Ž .
X
Otherwise, if system 3.1 has a limit cycle, since with the increase of l the separatrices passing through M never intersect, and the stability of O does not change, the limit cycle must come from a semi-stable limit cycle. So Ž .
X system 3.1 will have two limit cycles. In the rotated vector fields, when l increases monotonously, the outside limit cycle expands monotonously, but the separatrice l U rotates inwards. It is impossible. This contradiction Ž . Ž . shows that system 3.1 , that is, system 1.2 , has no limit cycle for l ) 0.
Ž . THEOREM 3.2.
In the domain II, system 1.2 has also no limit cycle for l ) 0.
Ž
. Ž .X Proof. For ␦ , m lying in the domain II, system 3.1 has no LC; its l s0
Ž .
X local phase-portrait can be shown in Fig. 3.2 2 . With the increase of l the Ž . signs of divergence of system 3.1 at the finite critical points do not < Ž . change. Since dMNrdt ) 0, the vector fields of system 3.1 ␦smqŽ1r a. X rotate counterclockwise as ␦ decreases and l increases, so dMNrdt ) 0 X w x in the domain II for l g 0, l . Moreover, the separatrices passing through Ž . M resp., N never coincide, similar to the proof of Theorem 3.1; we can Ž .
X w x Ž . prove that system 3.1 has no LC for l g 0, l ; that is, system 1.2 has no limit cycle in II for l ) 0. two periodic orbits surrounding O or R; they must be concentratedly trajectories L y and l y exchange their loci; after that they never intersect. 
disappear, similar to the above analysis; system 3.1 has at most two LCs around R, too.
Ž . Ž .
X X
If the phase-portrait of system 3.1 is Fig. 3.3 Fig. 3.3 2 must become Fig. 3.3 1 or Fig. 3.2 2 . In the former, at most two LCs appear around R; in the latter, at most one LC appears around R. Ž . system 3.1 has two LCs generated by a semi-stable LC which suddenly appears. around O is unique. < < Ž In V , the signs of div and div both change. When m ) 0 resp.,
resp., div changes its sign previous to div resp., div . Fig. 3 .4 1 , with the increase of l , when O is a stable fine focus, it is Ž . necessary that a stable LC generated from a Hoc M or from an inner Ž stable LC of multiplicity 2 contracts to O when m -0, the former does . not appear ; if the latter appears, the separatrices passing through M may Ž . coincide. System 3.1 will have three LCs around O. If O is an unstable Ž . fine focus, system 3.1 will have at most two LCs surrounding O. In Fig. Ž . 3.4 2 , considering the rotation of the vector fields, we can obtain a similar conclusion. < In V , only div changes its sign, we know from the theory of rotated unstable fine focus to a stable strong one, an unstable LC appears around < Ž . O. Since div ) 0, the LC is unique. We know from 3.3 that for any N X X Ž . given m -ya , when l is properly small, W -0 on the line l , the 1 1 Ž . unstable LC surrounding R in Fig. 3.6 2 contracts to R. With the increase
